We investigate the non-perturbative equivalence of some heterotic/type II dual pairs with N = 2 supersymmetry. The perturbative heterotic scalar manifolds are respectively SU(1, 1)/U(1) × SO(2, 2 + N V )/SO(2) × SO(2 + N V ) and SO(4, 4 + N H )/SO(4) × SO(4 + N H ) for moduli in the vector multiplets and hypermultiplets. The models under consideration correspond, on the type II side, to self-mirror Calabi-Yau threefolds with Hodge numbers h 1,1 = N V + 3 = h 2,1 = N H + 3, which are K3 fibrations. We consider three classes of dual pairs, with N V = N H = 8, 4 and 2. The models with h 1,1 = 7 and 5 provide new constructions, while the h 1,1 = 11, already studied in the literature, is reconsidered here. Perturbative R 2 -like corrections are computed on the heterotic side by using a universal operator whose amplitude has no singularities in the (T, U) space, and can therefore be compared with the type II side result. We point out several properties connecting K3 fibrations and spontaneous breaking of the N = 4 supersymmetry to N = 2. As a consequence of the reduced S-and T -duality symmetries, the instanton numbers in these three classes are restricted to integers, which are multiples of 2, 2 and 4, for N V = 8, 4 and 2, respectively.
Introduction
Different perturbative string theories with the same number of supersymmetries might be equivalent at the non-perturbative level [1, 2, 3] . There is a conjectured duality between the heterotic string compactified on T 4 × T 2 and the type IIA (IIB) string compactified on K3 × T 2 [1] . Both theories have N = 4 supersymmetry and 22 massless vector multiplets in four dimensions. In both theories the space of the moduli-field vacuum expectation values is spanned by 134 physical scalars, which are coordinates of the coset space [4, 1] SL(2, R) U(1)
S × SO(6, 6 + r) SO(6) × SO(6 + r) T , r = 16 .
(1.1)
On the heterotic side, the dilaton S H = S is in the gravitational multiplet, while on the type II side it is one of the moduli of the vector multiplets (S II = T 1 ). Thus the duality relation implies an interchange between the fields of S and T manifolds [1] : the perturbative heterotic states are mapped to non-perturbative states of the type II theory and vice versa. Consequently, perturbative T -duality of the type II strings implies S-duality [5] of the heterotic string and vice versa.
Several arguments support this duality conjecture. For instance, the anomaly cancellation of the six-dimensional heterotic string implies that there should be a one-loop correction to the gravitational R 2 term in the type II theory. Such a term was found by direct calculation in [6] . Its one-loop threshold correction upon compactification to four dimensions [7] implies instanton corrections on the heterotic side due to five-branes wrapped around the six-torus.
Heterotic/type II dual pairs with lower rank (i.e. r < 16) and with N = 4 supersymmetry, share properties similar to those just mentioned. The study of such theories and the determination of the heterotic non-perturbative corrections to the R 2 terms were considered in [8] . Here we would like to extend this analysis for N = 2 heterotic/type II dual theories.
In general (non-freely-acting) symmetric orbifolds still give rise to N = 2 heterotic/type II dual pairs in four dimensions [9, 10, 11] . On the heterotic side they can be interpreted as K3 plus gauge-bundle compactifications, while on the type II side they are Calabi-Yau compactifications of the ten-dimensional type IIA theory. The heterotic dilaton is in a vector multiplet and the vector moduli space receives both perturbative and non-perturbative corrections. On the other hand, the hypermultiplet moduli space does not receive perturbative corrections; if N = 2 is assumed unbroken, it receives no non-perturbative corrections either. On the type II side the dilaton is in a hypermultiplet and the prepotential for the vector multiplets receives only tree-level contributions. The tree-level type II prepotential was computed and shown to give the correct one-loop heterotic result. This provides a quantitative test of the duality [9, 11] and allows us to reach the non-perturbative corrections of the heterotic side.
The purpose of this paper is to provide quantitative tests of N = 2 heterotic/type II duality. Quantitative tests of non-perturbative dualities can be obtained by considering the renormalization of certain terms in the effective action of the massless fields. Extended supersymmetry plays an essential role in this since it allows the existence of BPS states that, being short representations of the supersymmetry algebra, are (generically) non-perturbatively stable and provide a reliable window into non-perturbative physics. There are terms in the effective action, the couplings of which can be shown to obtain contributions only from BPS states. The relevant structures for this analysis are helicity supertrace formulae, which distinguish between various BPS and non-BPS states [12, 13, 8, 14] . For (N = 2)-supersymmetric models, these supertraces appear in particular in the two-derivative terms R 2 or in a special class of higher-order terms constructed out of the Riemann tensor and the graviphoton field strength [15] . In the four-dimensional heterotic string, these terms are anomaly-related and it can be shown that they receive only tree-and one-loop corrections. In higher dimensions, they receive no non-perturbative correction [16] .
In this paper we investigate the non-perturbative equivalence of some heterotic/type II dual pairs with N = 2 supersymmetry. The perturbative heterotic scalar manifolds are
and
for moduli in the vector multiplets and hypermultiplets, respectively 1 . On the type II side, the models under consideration correspond to self-mirror Calabi-Yau threefolds with Hodge numbers h 1,1 = N V + 3 = h 2,1 = N H + 3, which are K3 fibrations, necessary condition for the existence of heterotic duals [17, 18] .
In Section 2 we examine the N = 2 type II models with N V = N H = 8, 4, and 2, which are particular examples of Z 2 × Z 2 symmetric orbifolds. A detailed and complete classification of such orbifolds will appear in [19] . The models with h 1,1 = 7 and 5 provide new constructions, while the one with h 1,1 = 11 was already considered in the literature [10, 20] . It is reconsidered here since, as we will see, our choice of the R 2 terms is not exactly the one taken previously. We derive the perturbative type II R 2 corrections and point out several properties that connect the K3 fibrations and the spontaneous breaking of the N = 4 to the N = 2 supersymmetry.
In Section 3 we construct the heterotic duals. The construction is performed in a unified formalism for all values of N V . Particular attention is payed to the singularities arising along various lines in the (T, U) moduli space, where extra massless states appear. This analysis serves as a guideline in the determination of an operator on the heterotic side that reproduces the R 2 term already considered in the type II side. This is achieved in Section 4, where it is precisely shown that indeed there exists a universal, holomorphic and modularcovariant operator Q 2 grav ; its coupling constant receives perturbative corrections, regular at every point of the two-torus moduli space. This enables us to check the heterotic/type II duality conjecture at the perturbative and non-perturbative level.
Our conclusion and comments are given in Section 5.
2 Type II reduced-rank models and gravitational corrections 1 In the models under consideration, N V and N H are the number of vectors and hypers, respectively, which on the type II construction are originated from the twisted sectors. The total number of vectors and hypers are N V + 3 and N H + 4 in both theories.
Construction of the reduced-rank models
a) The N V = N H = 8 model
We start by considering the N = 2 type II model with N V = N H = 8. This model is obtained by compactification of the ten-dimensional superstring on a Calabi-Yau threefold with h 11 = h 21 = 11 [10] . It can be constructed in two steps. We start with the type II N = 4 supersymmetric model defined by K3 × T 2 compactification. The massless spectrum of this model contains the N = 4 supergravity multiplet as well as 22 vector multiplets. For convenience, we will go to the T 4 /Z 2 orbifold limit of K3, where it can easily be shown that the 6 graviphotons and 6 of the vector multiplets are coming from the untwisted sector, while the remaining 16 come from the twisted sector and are in one-to-one correspondence with the 16 fixed points of the Z 2 action. We then break the N = 4 supersymmetry to N = 2 by introducing an extra Z 2 projection in which two of the T 4 coordinates are shifted; the remaining two coordinates of T 4 together with the two coordinates of T 2 are Z 2 -twisted.
If we indicate by
the projection that defines the
orbifold limit of K3, and by Z (f) 2 the second projection defined above, we can summarize the action of the two Z 2 's on the three complex (super-)coordinate planes as in Table 1 ; R indicates the twist, while T is a half-unit lattice shift.
Orbifold Plane 1 Plane 2 Plane 3 Z
2 on the T 6 .
Since the translations on the second and third planes are non-vanishing, the Z
2 -operation has no fixed points and there are therefore no extra massless states coming from the twisted sectors; the massless spectrum of this model contains the N = 2 supergravity multiplet, 11 vector multiplets (3 from the untwisted and 8 from the twisted sector), 1 tensor multiplet and 11 hypermultiplets (3 are from the untwisted sector and 8 from the twisted sector). The tensor multiplet is the type II dilaton supermultiplet, and it is equivalent to an extra hypermultiplet.
The partition function of the model reads: 
2 . Here we have introduced the twisted and shifted characters of a c = (2, 2) block, Γ 2,2 h|h ′ g|g ′ ; the first column refers to the twist, the second to the shift. The nonvanishing components are the following:
where Γ 2,2 h ′ g ′ is the Z 2 -shifted (2, 2) lattice sum. The shift has to be specified by the way it acts on the windings and momenta (such technical details can be found in various references, our conventions are those of [8] ).
In order to construct models with lower rank, we start with the N = 4 ground state defined above as the K3 × T 2 compactification and then apply several Z 2 freely-acting projections; each one of these projections removes half of the Z 
In order to describe the action of this projection, we choose special coordinates of the compact space, in terms of which the T 4 torus is described as a product of circles. There is then a (D 4 ) 4 symmetry generated by the elements D andD, which act on each S 1 /Z 2 block as [21] :
where σ + and σ − are the two twist fields of S 1 /Z 2 , and V nm are the untwisted world-sheet instantons labelled by the momentum m and the winding n of the Γ 1,1 lattice. In the untwisted sector of T 4 /Z 
2 part as a D-operation, while it acts on T 2 as an ordinary shift. In the 
c) The
The model with N V = N H = 2 is obtained by modding out a further Z D 2 -symmetry, which acts on another circle of the first and the third torus:
(notice that the two Z D 2 -projections commute). The resulting massless spectrum consists of the gravity and tensor multiplets plus 5 vector multiplets (2 from the twisted sector), and 5 hypermultiplets (2 from the twisted sector).
In all the above models, the realization of the N = 2 supersymmetry plays a key role in the search of heterotic duals, as we will see in Section 3. Indeed, by using the techniques developed in Refs. [22, 13] , we can indeed show that these models actually possess a spontaneously broken N = 4 supersymmetry through a Higgs phenomenon, due to the free action of Z (f) 2 . The restoration of the 16 supersymmetric charges (2 extra massless gravitinos) takes place in some appropriate limits of the moduli according to the precise shifts in the lattices. It is accompanied by a logarithmic instead of a linear blow-up of various thresholds [23, 13, 22, 24] , which is nothing but an infrared artefact due to an accumulation of massless states. These can be lifted by introducing an infrared cut-off µ (e.g. by switching on appropriate Wilson lines) larger than the two gravitino masses. The thresholds thus vanish as expected in the limit in which supersymmetry is extended to N = 4 as m 3/2 /µ → 0 .
Helicity supertraces and the R 2 corrections
Usually string ground states are best described by writing their (four-dimensional) helicitygenerating partition functions. Moreover, since our motivation is eventually to compute couplings associated with interactions such as R 2 , we need in general to evaluate amplitudes involving operators such as i X
, where J k is an appropriate rightmoving current and the left-moving factor corresponds to the left-helicity operator (the right-helicity operator is the antiholomorphic counterpart of the latter). We will not expand here on the various operators of this kind, or on the procedures that have been used in order to calculate their correlation functions exactly (i.e. to all orders in α ′ and without infra-red ambiguities [25] ); details will be given in Section 4, when analysing some specific R 2 corrections for the heterotic duals of the models under consideration. Here we will restrict ourselves to the helicity-generating partition functions since these allow for a direct computation of perturbative type II R 2 corrections. They are defined as:
where the prime over the trace excludes the zero-modes related to the space-time coordinates
where Z is the vacuum amplitude) and λ,λ stand for the left-and right-helicity contributions to the four-dimensional physical helicity. Various helicity supertraces are finally obtained by taking appropriate derivatives of (2.7):
is obtained by acting on Z(v,v) with
For the models at hand (see Eq. (2.1)), after some algebra, (2.7) reads:
denote the contribution of the 8 left-and 8 rightmoving world-sheet fermions ψ µ , Ψ I andψ µ ,Ψ I ; Ψ I andΨ I are the 6 left-and 6 right-moving fermionic degrees of freedom of the six-dimensional internal space. The arguments v andv are due to ψ µ andψ µ . By using the Riemann identity of theta functions, one can perform the summation over the spin structures with the result:
counts the helicity contributions of the space-time bosonic oscillators.
A straightforward computation based on the techniques developed so far shows that B 2 = 0 for all the models under consideration, as expected. Indeed, in all the N = 2 type II Z 2 ×Z 2 symmetric orbifolds, B 2 can receive a non-zero contribution only from the N = (1, 1) sectors of the orbifold ( see Ref. [19] ). The internal coordinates in these sectors are twisted; all corrections are therefore moduli-independent and are coming from the massless states only. One finds B 2 = B 2 | massless = N V − N H , which vanishes in all models we are considering here.
On the other hand, B 4 receives non-zero contributions from the N = (2, 2) sectors of the orbifold. We find 2 :
14)
The massless contributions are in agreement with the generic result of the N = 2 supergravity:
We now turn to the actual computation of R 2 corrections. The four-derivative gravitational corrections we will consider here are precisely those that were analysed in the framework of N = 4 ground states of Ref. [8] . On the type II side, there is no tree-level contribution to these operators, and the R 2 corrections are related to the insertion of the two-dimensional operator −λ 2λ2 in the one-loop partition function. In the models at hand, where supersymmetry is realized symmetrically and where, moreover, N V = N H , the contribution of N = (1, 1) sectors to B 4 vanish, and therefore −λ 2λ2 can be identified with −B 4 /6. The massless contributions of the latter give rise to an infrared logarithmic be-
is the type II string scale and µ is the infrared cut-off. Besides this running, the one-loop correction contains, as usual, the thresholds ∆ II , which account for the infinite tower of string modes.
The one loop corrections of the R 2 -term are related to the infra-red-regularized genus-one integral of −B 4 /6. There is however a subtlety: in the type IIA string, these R 2 corrections depend on the Kähler moduli (spanning the vector manifold), and are independent of the complex-structure moduli (spanning the scalar manifold):
In the type IIB string, the roles of T i and U i are interchanged:
The above properties of ∆ IIA,B generalize the results of Ref. [8] , which are valid for the R 2 , when necessary, as in models (4, 4) and (2, 2)) will act on the second momentum (insertion of (−1) m i 2 ). Given this choice, the final result for (2.16) now reads:
Expression (2.18) deserves several comments:
(i) The shifts on the Γ (i) 2,2 lattices break the SL(2, Z) T i duality groups. The residual subgroup depends in fact on the kind of shifts performed (see Refs. [8, 22, 24] ).
(ii) The SL(2, Z) T 1 remains unbroken only in the model with N V = N H = 8; in the other situations all SL(2, Z) T i are necessarily broken for all i = 1, 2, 3.
(iii) The N = 4 restoration limit corresponds to T 2 , T 3 → ∞. For the specific choice of translations we are considering, the mass of the two extra gravitinos is given by:
Owing to the effective restoration of N = 4 supersymmetry in this limit, there is no linear behaviour either in Im T 2 or in Im T 3 ; the remaining contribution is logarithmic:
(iv) The threshold corrections diverge linearly in the large Im T 1 limit. The correct subleading logarithmic behaviour is obtained from (2.18) by writing M
It is in fact M Planck the mass that is invariant under type IIA/heterotic exchange; if we want to compare the type II corrections with the ones in the heterotic duals, we must therefore use this as fixed mass scale. Taking this into account, we get:
Notice that the coefficients of the linear and logarithmic term have a different dependence on N V .
(v) Under T i ↔ U i interchange, we obtain the results of a mirror type IIB model.
Heterotic duals

Outline
Our scope is now to determine the heterotic duals of the type II ground states with N V = 8, 4, 2 discussed in the previous section. In view of this construction, some basic properties and requirements have to be settled, namely:
(i) The N = 2 heterotic models must have the same massless spectrum as their type II duals.
(ii) The type II dual of the heterotic dilaton S H is one of the type IIA(B) moduli, T D , and belongs to a vector multiplet. Thus, the perturbative heterotic limit (S H large) corresponds in type II to the limit of large T D . This implies the identification of T D with T 1 in our type IIA constructions.
(iii) The N = 2 heterotic ground state must describe a spontaneously broken phase of an N = 4 model. (iv) On the type II side, the T -duality group is a subgroup of
Moreover, the duality symmetries of T 1 ≡ S H translate into the non-perturbative instantonduality properties on the heterotic side, while the symmetries of the moduli T 2 ≡ T H and T 3 ≡ U H appear in the heterotic duals as perturbative T -duality symmetries. These properties can be summarized as follows:
On the heterotic side, the general expression for the helicity-generating function of Z 2 -orbifold models is operations; n is the number of projections (dimension of the vectors ( h, g)) needed to reach the correct N V . The specific lattice shifts define the modular-transformation properties of the multi-shifted two-torus lattice sum Γ 2,2
, and must fit with the transformation properties of the Φ's in order to lead to the proper modular-covariance properties of Z N V 6,22
Taking into account the above considerations, we will now construct the heterotic duals of the various reduced-rank type II models.
Construction of the heterotic reduced-rank models
a) The N V = N H = 8 model Our starting point is the N = 4 heterotic ground state obtained by compactification on T 4 × T 2 and its type II dual on K3 × T 2 . In order to reduce the N = 4 supersymmetry to N = 2 we must define an appropriate Z (f) 2 freely-acting orbifold, which simultaneously reduces by a factor of 2 the rank of the gauge group.
To properly define the Z (f) 2 action, we work at a point of the moduli space where the E 8 × E 8 gauge group is broken to SU(2) (2) (1) with SU(2) (2) .
We can give an explicit expression for the partition function of this orbifold by using the following SO(4) twisted characters:
where we introduced the notation (valid all over the paper) h ≡ (h 1 , h 2 , h 3 ) and similarly for g. Under τ → τ + 1, F I transform as:
Notice that F I are c = (0, 2) conformal characters of 4 different right-moving Isings. In the fermionic language [27] this is a system of 4 right-moving real fermions with different boundary conditions. All currentsJ IJ =Ψ IΨJ are twisted and therefore the initial SO(4) is broken. On the other hand, when F I is raised to a power n, the gauge group becomes SO(n) 4 :
In this framework, the partition function of the model with N V = N H = 8 is given by (3.3) and (3.4), with Φ V and Φ H expressed in terms of combinations of F 1
γ, h δ, g (3.10) (no dependence on (H f , G f )), which leads to a group 3 G = U(1) 8 and therefore N V = 8, whereas
For this model, we must use the simply-shifted (2, 2) lattice sum Γ 2,2
where the shift is asymmetric on one circle
under modular transformations (this projection was referred to as "XIII" in Ref. [24] , where the various lattice shifts were discussed in detail). On the other hand, the h i shifts in Γ 4,4 must be symmetric: (−)
An alternative construction is obtained by shifting with (H f , G f ) two U(1) factors in G:
The (2, 2) lattice is now double-shifted, and the lattice sum Γ 2,2
is given with the insertion (−) m 2 G f +n 2 g 1 . Both models, with Φ V andΦ V , have the same N = 4 sector (defined by (H f , G f ) = (0, 0), whose contribution is half the partition function of an N = 4 model in which the gauge group E 8 × E 8 is broken to U (1) 16 . In the N = 2 sectors, (
As a consistency check, we can now proceed to the computation of the helicity supertrace B 2 . The (N = 4)-sector contribution to this quantity vanishes. For the model constructed with Φ V (Eq. (3.10)) we find:
where Ω For the model constructed withΦ V (Eq. (3.12)) we find instead:
where in this case The lattice sums Γ λ=0 2,2
H f G f correspond to simply-shifted lattices with projections respectively (−) m 2 G f and (−) (m 2 +n 2 )G f (in [24] they are referred to respectively as "II" and "XIII").
It is easy to check that, in both constructions, the massless contribution to the B 2 vanishes, as it should for models where N V = N H . 4 The parameter λ, which takes the values 0 or 1, determines the phases appearing in the modular transformations of the shifted lattice sums. Under modular transformations, the functions Ω acquire phases that are complementary to those coming from the lattice Γ 
and similarly for g. The shift in the (2, 2) lattice is asymmetric and along a single circle with projection (−) (m 2 +n 2 )G f , while it is symmetric in the (4, 4) block: (−)
Again an alternative construction exists for Φ V ; it is given bỹ
In this case the (2, 2) lattice sum is Γ 2,2
; the shift corresponds to the projection
Finally, the computation of B 2 can be performed, and we obtain the same results as in the N V = N H = 8 model, summarized in Eqs. (3.13) and (3.15).
c) The N V = N H = 2 heterotic model Here, we introduce the characters
Note that the product F 1
has the same modular properties as F 1
. For the model at hand,
(there is no dependence on (H f , G f ), and
h, g stand again for (h 1 , . . . , h 5 ), (g 1 , . . . , g 5 )). The structure of Φ V now shows that G = U (1) 2 and therefore N V = 2. The shifts in the (2, 2) and (4, 4) lattices are the same as those in the N V = 4 model. An alternative embedding of (H f , G f ) is realized as follows:
this also leads to N V = N H = 2. As for the N V = 4 model defined through (3.19) and (3.20) , it is necessary to perform a double shift in the (2, 2) lattice with the projection (−)
The shift in the (4, 4) lattice is identical to the one used together with the above Φ V defined in (3.23).
Here also the second helicity supertrace is given in (3.13) or (3.15).
Some general comments on the heterotic duals
Our first observation is that all models with N V = N H defined above have identical B 2 helicity supertrace, which is given either by (3.13) or by (3.15), depending on the embedding of the Z
2 . This universality follows from (i) the modular-transformation properties of Γ λ 2,2 H f G f , (ii) the condition N V = N H , and (iii) the spontaneous breaking of N = 4 supersymmetry to N = 2. These three requirements fix uniquely the functions Ω. We thus expect that this universality of B 2 will remain valid for all N V = N H models in which the U(1) r gauge group is extended to a larger gauge group G r with the same rank.
This can be checked explicitly in several examples, for instance the model with a gauge group G r = SU (2) 8 k=2 (3.27) defined with the choice 
31)
A 1 being the Cartan matrix of SU (2). On type IIA, Z
2 has eight positive and eight negative eigenvalues in the submatrix (3.31), and thus removes eight of the 16 fixed points.
On the heterotic side, Z (f) 2 interchanges the eight SU (2) (1) with the eight SU(2) (2) . This results in a level-2 realization of SU (2) projection has eight positive and eight negative eigenvalues on the sixteen twist fields; it acts by exchanging eight A 1 matrices with eight others. Four such exchanges are common also to Z On the heterotic side, the corresponding operations act as a lattice exchange on the SU (2) 16 gauge group and as a translation in the six-dimensional internal space. Since for each one of them the orbifold twist has eight negative eigenvalues, modular invariance forces the shift to be symmetric. On the compact space, therefore, the action of the Z have expansion 1 + δq + . . . The coefficient δ depends, for each given shift vector, on the particular value of moduli T and U. For a detailed analysis of the singular submanifolds that appear in shifted lattice sums, see [24] . We simply quote here that, in the constructions based on Φ V , besides the lines in the T -U plane in which the U(1) 2 gauge symmetry corresponding to the vectors originating from the two-torus is enhanced to SU(2) × U(1) and the point at which there is a further enhancement to SU(2)×SU(2), there are indeed also points in which there is an enhancement ∆N V − ∆N H = 6, which signals the appearance of an SU(3) symmetry. Furthermore, there are lines in which ∆B 2 = −2q + . . ., characterized by the appearance of two new hypermultiplets. Finally, from the expansions of Γ one can see that there are also special lines at which there appear 16 hypermultiplets, uncharged under the gauge group. The only N = 4 enhancements come from the rank-8 part of the gauge group, while the part of the gauge group that comes from the two-torus is always realized at the level k = 1. The construction of Ref. [10] is based on a different separation of Γ 2,2+8 : 2 . In this case, not only a rank 8 part but also one of the U(1)'s of the compact space can be enhanced to SU(2) k=2 . This separation, in which only one circle is singled out, is not useful for our purpose. The separation of a shifted Γ 2,2 lattice is necessary because we want to identify the perturbative heterotic moduli T, U with the moduli T 2 , T 3 of type IIA. However, it turns out that the constructions based on Φ V are not convenient either for a comparison with the type IIA dual orbifolds. One of the reasons is that, even though the Z f 2 translation in the two-torus produces a spontaneous breaking of the N = 4 → N = 2 supersymmetry, it does not reproduce the situation of the perturbative type IIA orbifold. On type IIA, the restoration of the N = 4 supersymmetry is recovered by taking only appropriate limits in the perturbative moduli: for the specific lattice shifts we considered, the N = 4 supersymmetry is restored when the moduli T 1 and T 2 are large, while in the opposite limit supersymmetry is broken to N = 2 as in a non-freely-acting orbifold. In the heterotic construction based on Φ V , however, the N = 4 supersymmetry is always restored in any decompactification limit, because, for any choice of direction of the shift, a (λ = 1)-shifted lattice sum vanishes both for large and for small moduli. It is therefore impossible to find a translation that reproduces the perturbative properties of the type IIA duals. In this case the map between the heterotic moduli T and U and the type IIA moduli T 2 and T 3 is non-linear.
On the other hand, the constructions withΦ V will turn out to be the ones appropriate for a comparison with the type IIA dual orbifolds. Also in these constructions, because of the translation of Z (f) 2 on T 2 , the N = 4 supersymmetry is spontaneously broken.
In the next section we will see that only the term of B 2 with Γ λ=0 2,2 is relevant in the determination of the gravitational and gauge corrections. The appropriate limit of N = 4 supersymmetry restoration is determined by the choice of the shifts in the Γ The N = 4 supersymmetry is restored when R 2 = √ Im T Im U is large. For small values of T, U moduli we recover a genuine N = 2 non-freely-acting orbifold. In this case, the N = 2 "singularities" that appear are:
(i) lines with SU(2) enhancement of one of the two U(1)'s of the torus;
(ii) points of SU(2) × SU(2) enhancement of the two U(1)'s of the torus; (iii) points in which there appear two new hypermultiplets: ∆N H = 2.
Also in these constructions, the part of the gauge group that comes from the two-torus is always realized at the level k = 1.
Heterotic gravitational corrections and a test of duality
Having the explicit expression of B 2 (Φ V ) in terms of Γ λ 2,2
and using the techniques developed in Refs. [28, 29, 30, 31, 8, 24] , we can calculate, on the heterotic side, the perturbative gravitational and gauge corrections in terms of the moduli T H , U H of the (2, 2) lattice. The analogous corrections in type IIA must be identical in terms of type II moduli (T 2 , T 3 ). However, the comparison of the heterotic and type IIA duals is not so direct: this is because in perturbative heterotic strings, N V − N H , although zero at a generic point of the moduli space, can be non-zero at special points. At these points the gravitational β-function and some of the gauge β-functions jump. On the other hand, in the perturbative type II N V − N H = 0 at any point of the moduli space. Thus, in order to compare the perturbative heterotic and type II results, it is necessary to modify the gravitational and gauge operators to more convenient ones, regular at any point of the heterotic moduli space. We therefore look for an operator that allows the computation of the same physical quantity on both type II and heterotic sides. To this purpose, we introduce the following combinations of gravitational and gauge operators: is the usual gravitational operator acting as a differentiation on 1 η 2 ; namely, it acts on the twoη's that correspond to the contribution of the two right-moving coordinates X µ=3,4 . This operation leads, for all heterotic N = 2 models, to the insertion in B 2 of −E 2 /12 [32, 25, 33, 31, 26] , with on the Γ 2,2 lattice. Also this acts on B 2 , and it leads to the insertion of the sum of the two left-moving lattice momenta P . Through an integration by parts, we can move P 
